Let P n be the n-th perfect power and d n the difference P n+1 − P n . The Pillai's conjecture establish the following limit lim n→∞ d n = ∞. This is an unsolved problem. In this article we establish a more strong conjecture on d n .
Introduction
A natural number of the form m n where m is a positive integer and n ≥ 2 is called a perfect power. The first few terms of the integer sequence of perfect powers are 1, 4, 8, 9, 16, 25, 27, 32, 36, 49, 64, 81, 100, 121, 125, 128 . . .
In this article P n denotes the n-th perfect power and d n denotes the difference P n+1 − P n . There exists an important conjecture on d n , the Pillai's conjecture. This conjecture establish the following limit lim n→∞ d n = ∞. This is an unsolved problem. In this article we shall establish a more strong conjecture.
A square-free number is a number without square factors, a product of different primes. The first few terms of the integer sequence of square-free numbers are 1, 2, 3, 5, 6, 7, 10, 11, 13, 14, 15, 17, 19, 21, 22, 23, 26, 29, 30, . . .
On the other hand, the Möbius function μ(n) is defined as follows: μ(1) = 1, if n is the product of r different primes, then μ(n) = (−1) r , if the square of a prime divides n, then μ(n) = 0.
Jakimczuk [1] proved the following theorem. 
where q denotes a square-free number. Note that 2 = 1 + .
For example, if h = 4 then equation (1) becomes 
The Conjecture
Let p h be the h-th prime with h ≥ 3, where h is an arbitrary but fixed positive integer. We establish the following conjecture.
Note that is conjecture implies that d n ∼ 2n. .
The conjecture is possible since we have the following theorem.
Theorem 2.1 Equation (2) implies equation (1).
Proof. Equation (2) can be written in the following schematic form
where
. Consequently
Note that in equation (4) the left side is a sum of areas of rectangles of basis 1 and height i α . Therefore, the integral aproximates this sum with error O (n α ) since x α is a function strictly increasing. There exist n 0 such that if i ≥ n 0 we have |f (i)| < . Consequently (see (4))
Therefore, from a certain value of n we have
Finally, substituting equation (4) and equation (5) into (3) we obtain equation (1) . The theorem is proved.
We also have the following theorem Theorem 2.2 The conjecture
is equivalent to the following limit
Proof. Equation (1) implies that
Equation (8) implies that P n+1 ∼ P n . Consequently
On the other hand, we have
Now (see (9))
Equations (10), (11) and (12) give (7). Now, suppose that (7) holds. That is (see (10))
Therefore (see (11) and (13)) we have lim n→∞ nd n 2P n = 1
Equations (14) and (8) give (6). The theorem is proved.
Theorem 2.3
The conjecture d n ∼ 2n is equivalent to the following limit
Proof. The proof is the same as theorem 2.2. Since √ P n ∼ n (see (8)).
